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Three-dimensional flow near a two-dimensional 
stagnation point 

By A. DAVEY AND D. SCHOFIELD 
National Physical Laboratory, Teddington, Middlesex 

(Received 24 August 1966) 

This paper shows the existence of a three-dimensional solution of the boundary- 
layer equations of viscous incompressible flow in the immediate neighbourhood 
of a two-dimensional stagnation point of attachment. The numerical solution 
has been obtained. 

The flow of a viscous incompressible fluid near a stagnation point of attach- 
ment has been shown by Howarth (1951) to be of a simple form. Let P be such 
a stagnation point at a regular point of the surface of the body, and suppose that 
the external flow is irrotational. Then near P the body may be represented by its 
tangent plane and a rectangular Cartesian co-ordinate system (x, y, x )  may be 
chosen with the x, y-axes in this plane so that the external flow near P has compo- 
nents (ax, by, - (a  + b )  ( z  - S)}. We choose the x-axis so that a > 0; b may be any 
positive or negative constant such that a + b > 0, and 6 is the three-dimensional 
boundary-layer displacement thickness. 

Howarth expressed the velocity components (u,v,w) of the flow in the 
boundary layer in the form 

= axf’(r) ,  v = b w ’ ( r ) ,  w = -v+{af(r)+bg(r)}la4 (1)  
where 7 = ab/v* is the usual boundary-layer variable. The continuity equation 
is satisfied by (1) and the boundary-layer equations require that f ,  g satisfy the 
following pair of ordinary differential equations, namely 

f///+ (f +cg)f”+ 1 - f ’ 2  = 0, 
cg” + (f + cg)  cg” + c2 - $9’2 = 0, 

where c = bja. 
The boundary conditions for (2), (3) are 

f = g = f ’  = g’ = 0 when 7 = 0, 

f’+l, g ’ + l  as r-+co. (4) 

The solution given by (2), (3), (4) is a full solution of the Navier-Stokes 
equations. When c = 1 then f = g and we have the solution for the flow a t  an 
axi-symmetrical stagnation point; when c = 0 then b = 0 so that v = 0 and we 
have the flow at a two-dimensional stagnation point. There is, however, another 
solution in the neighbourhood of c = 0. 

Let us expand f, g in the form 
m 

where fn, gn are independent of c. 
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To satisfy (4) for all values of c then 

f;L+l-+O, g;+O as y+co ( n >  0). (6) 

We have introduced a simple pole at c = 0 in g,  but cg which is the physically 
important quantity, has no singularity. If we use (5) in (2), (3) and take the limit 
as c -+ 0 we obtain the following equations for to and g-, 

f: + (fo + g-,)f; + 1 = 0, ( 7 )  

( 8 )  g-1+(f0+g-,)gli-1-g1_21 = 0. r n  

The boundary conditions are 

(9) I I f  

f o  = g-l = f o  = g-, = 0 when y = 0, 
f;l-+1, g‘_,-+0 as y-tco. 
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In particular we notice from (1) that as c+O then v+ayg’_,(q) so that the 
boundary-layer flow is three-dimensional. 

The general asymptotic expansions for fo, g-, are of the form 

1 -fi N A ,  e-42’ x - 3  + B , x ~ ,  (10) 

g‘, N A2e-*xaX-l+Bz; (11) 

where A,, A,, B,, B, are constants and x = - a - p, where a, p are respectively 
the limits of (7 -f,,), - g-.l, as 7 -+ 00. The three-dimensional boundary-layer dis- 
placement thickness is thus v*(a + p) /d .  The required solution for fo, g-, is that 
for which B, = B, = 0 so that the outer boundary condition is satisfied. This 
solution has fA(0) = 1.177958 and gT,(O) = -0.629565 and is given in the ae- 
companying table. 

We notice from table 1 that when 1.2 < 7 < 5.4 then f i 2  + g?, > 1 so that when 
x < y the speed of the boundary-layer flow is greater than that of the external 
flow. This is plausible as the stagnation point is a saddle-point. The non-dimen- 
sional displacement thickness ( L X + ~ )  is 2.787, which is much larger than the 
corresponding value 0.648 of the usual two-dimensional solution. This is because 
the flow near the y-axis towards the stagnation point produces a blockage and the 
skin-friction component in the x-direction is also reduced. 

This solution is probably of more mathematical interest rather than physical 
importance. It is, however, a h i t e  disturbance solution which contains stream- 
wise vorticity and thus it may have a bearing on the three-dimensional instability 
of two-dimensional flows. 

Our thanks go to Professor P. A. Libby, whose recent work led us to discover 
the new solution, and also to Mr E. J. Watson for some helpful discussions. This 
work was done as part of the research programme of the National Physical 
Laboratory, and is published by permission of the Director. 
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